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For the past half century, the latent period and the infectious
period introduced by Vanderplank (28,29) have dominated any
discussion of plant disease epidemics. These two time scales were
defined in a relatively simple model of inoculum production, in
which every infection goes through a latent period of time, p,
before becoming infectious, and every lesion synchronously
produces progeny at a constant rate, R (Vanderplank’s “Basic
Infection Rate”) (28-30), for a specific infectious period of time,
i. Thus, in Vanderplank’s model, the reproduction curve is given
by a square temporal flush of progeny production between time p
and time p + i. Alternatively, the first two temporal moments of
the reproduction curve provide a pair of reproductive time scales:
the mean delay time between infection and progeny production, L,
and the standard deviation about this mean, 6. The use of
temporal moments to describe population growth dates back to
the inception of population dynamics (4) and has become an
integral part of the literature on this subject (24). In bacteriology,
the measured doubling time of a population has been expressed in
terms of the mean time and variance between individual mitotic
events, u and o, for decades (22). Metz and Diekmann (21)
presented a number of approximations for the initial infection rate
in terms of the temporal moments of the sporulation curve. Which
set of time scales does one choose to describe the reproduction,
and does it matter?

For the simple case described above, in which every infection
follows exactly the same reproductive time course, the values of u
and ¢ are uniquely determined by the values of p and i. In
reality, there is considerable variability in these time scales among
individual infections because of several factors, including somatic
differences in host tissue and differences in microclimate within
the plant canopy, as well as the inherent range of virulence within
the pathogen population. For such a dynamic situation, (i) how
does one define “average” values for the latent period and the
infectious period, (ii) how can these values be experimentally
determined, and (iii) how do these values relate to p and 6?

Population averages of the latent period and the infectious
period. By nature, the latent period, p, and the infectious period,
i, are defined over the population of parental infections (“mother
lesions”). Thus, when variation is present, the logical way to
define a population average value for p (denoted in this letter by
p) or i (denoted in this letter by 1) is to take the sum of the values
for each individual in the population and divide by the number of
individuals. Note that the contribution of each infection is
weighted equally in this process.
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The literature contains experimentally measured sporulation
curves for many plant pathogens (1,2,6,7,17,19,23,25,27). The
latent period is usually defined as the initial period of time during
which no inoculum is produced (here denoted by py). This is the
latent period of the most precocious infection and may not be the
best descriptor for the behavior of the bulk of the infected
population (30). For example, the daily production of sporangia
of Pseudoperonospora cubensis (cuacumber downy mildew) (3)
per infected cucumber cotyledon is plotted versus time after
inoculation for four incubation night-and-day temperature ranges
(Fig. 1). The sporulation curve for the 20 to 30°C temperature
range (Fig. 1, arrow) indicates an observed value for p, of be-
tween 3 and 4 days, because 3,000 sporangia were collected on
the fourth day. However, this does not mean that all of the initial
infections were sporulating by day 4. In fact, the daily spore
production rate increases 20-fold to 60,000 sporangia/day by day
6. This suggests that the population average for the latent period
(denoted in this letter by p) is at least 5 days; however, there is no
clear method to extract this information from the experimental
data. This delay between p, and p becomes more evident as incu-
bation temperature decreases (Fig. 1).

The extraction of the infectious period and its distribution from
an experimental curve is more nebulous; in fact, it is totally
arbitrary. All we can glean from the sporulation curve is that the
maximum value for the infectious period, i, must be less than
the last day of sporulation minus the minimum latent period, po;
which, for the sporulation curve for the 20 to 30°C temperature
range (Fig. 1, arrow) results in i, < 8 days — 3 days = 5 days. On
the other hand, the mean time of spore production, u, and the
standard deviation, G, can be estimated directly from the experi-
mental sporulation curve.

In comparing a number of theoretical models for spore
production, Segarra et al. (26) suggested that the proper way to
compare these various models was to assure that “The average
duration of the infection cycle is p + i....” was the same for all
distributions under consideration (26) (Fig. 1, caption). Recently,
Cunniffe et al. (3) also used latent and infectious periods in favor
of the temporal moments to match parameters between model
frameworks. However, the simple use of a population average for
latent period and infectious period, p and 7, is problematical. As I
will show in this letter, the shape of the resulting reproduction
curve and, hence, the time course of the ensuing epidemic do not
depend on average values of p and i alone but are also critically
dependent on the variance of these values about their respective
means and the covariance between them. Thus, whether the repro-
duction curve is assumed a priori or experimentally determined,
this function does not provide enough information to simul-
taneously determine the distributions of both the latent period and
the infectious period over the pathogen population. This leads to
the anomaly that different models of spore production, which
have the same mean values for p and i, can result in markedly



different epidemics. On the other hand, p and ¢ are defined in
terms of the next generation of infections (‘“daughter lesions”).
Thus, the calculation of p and o is implicitly weighted by the total
number of progeny produced by each individual. Mother lesions
with a larger value for the infectious period produce more off-
spring and are weighted more heavily in the calculation of the
moments. My goal in this letter is to elucidate the problems
associated with population-averaged reproductive time scales and
to show that the temporal moments of the reproduction curve,
whether they are determined theoretically or experimentally, pro-
vide a less ambivalent description of the dynamics of the resulting
epidemic.

Vanderplank’s model. Let us consider Vanderplank’s (28,29)
relatively simple epidemic model based on a square pulse (SP) of
inoculum, such that
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where Rgp(T,p,i) is the reproduction curve (the potential number
of daughter lesions produced per mother lesion per unit time), T is
the age of the mother lesion (measured from initial infection), p is
the latent period (the period of time before infected tissue
becomes infectious), i is the infectious period, and R is the basic
infection rate (daughter lesions per unit time) (30). The repro-
duction curve, Rsp(T,p,i), includes the effects of latency, the rate
of daughter lesion production over the infectious period, and the
removal of infectious tissue from the system by senescence or
defoliation of the host tissue.

Temporal moments of the reproduction curve. In general,
the mean time between generations of the pathogen, p, and the
variance, 62, about this mean are defined by
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which, for equation 1, yields psp = p + i/2 and ogp* = i%/12, the
standard moments of a uniform distribution (“top hat” distribu-
tion). Note that the subscript “SP” denotes that the reproduction
curve used is Vanderplank’s SP model given by equation 1.

Now let us consider the case where there is a population of n
lesions sporulating according to equation 1, such that the kth
cohort is characterized by a latent period, py, and an infectious
period i. In general, each lesion may have its own basic infection
rate, R,. For simplicity, we assume that the value of R is the same
for all values of k. This is in keeping with the theoretical spore
production models proposed by Segarra et al. (26). The sporu-
lation curve of this ensemble, R,,(7), can be expressed as an
average over the n cohorts:
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By inserting equation 3 into equation 2 and interchanging the
order of the summation and the integration, we obtain the mean
time (as an ensemble average) between generations of the patho-
gen, ., and the variance, 62, about this mean for the ensemble
in equation 3:
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where p is the mean latent period, 7 is the mean infectious period,
p’ and i’ are the deviations from these means, (5,,2 and o, are the
variances about these means, cov(p,i) is the covariance between the
latent and infectious periods, Sk; is the skewness of the infectious
period distribution, and the other third-order moments (the last
two terms) are explicitly defined in the supplemental material
available online, which also includes details of the analysis.

The above analysis (equation 4) clearly illustrates the point that
specification of average values for p and i, alone, does not provide
sufficient information to determine the reproduction curve. In
fact, the complexity of the expressions for the first two temporal
moments of the reproduction curve (equation 4) in terms of latent
and infectious periods challenges the usefulness of these time
scales when variability is present.

A thought experiment. The algebraic complexity of equation
4 may distract a reader from the simple conclusion of the above
derivation. What is most important is that, when there is a
collection of infections that have variable latent and infectious
periods, these concepts are no longer meaningful in describing the
resultant epidemic. To illustrate this fact, I propose the following
thought experiment.

Consider Vanderplank’s SP model with latent period p = 6 days
and infectious period i = 10 days (Fig. 2A). Thus, usp = p + i/2 =
11 days and 6gp? = i%/12 = 100/12 = 8.33 days? (Table 1). One can
also think of this reproduction curve as consisting of 10 different
cohorts with identical parameters (Fig. 3A). If one holds i con-
stant at 10 days and varies p about that original value of 6 days
(Fig. 3B), p can be kept constant. The ensemble mean, L,
remains the same (11 days) but the variance, 6%, is doubled to a
value of 16.67 days’. The “leaning tower’-type reproduction
curve (Fig. 3B) is equivalent to the isosceles triangular distri-
bution (Fig. 3C). Alternatively, this isosceles triangular form of
the reproduction curve can be obtained by simultaneously varying
p from a value of 1.5 to 10.5 days in 1-day intervals as i varies
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Fig. 1. Daily sporangial productivity of Pseudoperonospora cubensis in
cucumber as a function of incubation temperature and time (3). Numbers at
the end of each curve represent the total number of sporangia produced (in
thousands) for each treatment.
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from 19 to 1 day in 2-day intervals, so that p and i are negatively
correlated (Fig. 3F). If the stacked cohorts of Figure 3F are forced
to start sporulation at 6 days, one obtains the right-triangular
distribution of Figure 3E. Alternatively, we can further shift the
stacked cohorts of Figure 3E, such that p varies from a value of
1.5 to 10.5 days in 1-day intervals as i varies from 1 to 19 days in
2-day intervals, so that p and i are positively correlated (Fig. 3D).
Note that all the reproduction curves in Figure 3 have the same
values for the mean latent period p = 6 days and the mean
infectious period T = 10 days.

The same process that created Figure 2 could have been
performed just as well for 100 cohorts, in which case the only
difference would be that the reproduction curves would have had
much smaller steps. In the limit of an infinite number of cohorts,
the result is a series of continuous triangular distributions in
addition to Vanderplank’s SP (Fig. 2, left panel). The area under
each curve in Figure 2 is unity. The next question to ask is: How
does the shape of these reproduction curves affect the resulting
epidemic?

Numerical solution of the Kermack-McKendrick equation.
Many mathematical models of plant disease epidemics (9,27)

KM model, in turn, is based on the mathematical model of
population growth presented by Lotka (4,11-16). The KM model
can be expressed as

dr(e) _
d H_
Hyp ()= H(1)+1(2)
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where H(?) is the amount of healthy susceptible tissue at time, 7,
Hax (1) is the total amount of susceptible plant tissue, and 1(¢) is
the amount of infected tissue (including latent, L; sporulating, S;
and removed, R) at time ¢. In order to solve equation 5 numeri-
cally, some assumptions are necessary. For the present purposes,
we ignored crop growth (5) so that H,,,, = Hy, a constant over
time. The calculation of infected tissue, I,, at time t = nAt is
obtained by iterative solution of the following equations:

Al = (H, —In).{l—exp[—HL YA -Djﬂ

0 J=0

have been shown to be special cases of the more general I, =1, ©)

Kermack-McKendrick epidemic model (KM model) (8). This I =0:n>0

model is based on the assumption that the reproduction behavior e

of plant disease lesions is simply a function of lesion age, T. The L =1, +Al,
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Fig. 2. A to F, Schematic representations of ensembles of 10 cohorts (equation 3), each with a mean latent period p = 6 days and a mean infectious period 7 =
10 days. A, p and i are constant; B, p varies from 1.5 to 10.5 days in 1-day intervals and i is constant. C, Same as B but shifted downward to illustrate the isosceles
triangular shape; D, p varies from 1.5 to 10.5 days in 1-day intervals as i varies from 1 to 19 days in 2-day intervals, so that p and i are positively correlated; E, p is
constant and i varies from 1 to 19 days in 2-day intervals; F, p varies from 1.5 to 10.5 days in 1-day intervals as i varies from 19 to 1 day in
2-day intervals, so that p and i are negatively correlated. B, C, and F represent exactly the same reproduction curve.

TABLE 1. Ensemble mean, y,,; variance about this mean, 62, (equation 4); and the second-order moments of p and i used to calculate these values for the

reproduction curves shown in Figure 2 (left) and Figure 3*

Figure 2 label Shape Uens (days) 62,5 (days?) 6,2 (days?) 6 (days?) cov(p,i) (days?)
A Square pulse 11 8.33 0 0 0

B Isosceles triangle 11 16.67 8.33 0 0

C Isosceles triangle 11 16.67 8.33 0 0

D Skew triangle 14.33 38.89 8.33 33.33 16.67

E Right triangle 12.67 22.22 0 33.33 0

F Isosceles triangle 11 16.67 8.33 33.33 -16.67

4 Note all of these reproduction curves have a mean latent period p = 6 days and a mean infectious period T = 10 days.
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where D; is the potential number of daughter lesions produced by
a mother lesion, neglecting the effects of multiple infection (the
correction factor) (29), in the time period between jAt and (j +
1)At after being infected.

The disease progress curves calculated using equation 6 using
the reproduction curves shown in Figure 2 (left panel) are plotted
in Figure 4 (left panel). The parameters used in these calculations
were Iy = 1, Hy = 1,000, R = 0.3 day™!, and At = 0.2 day (see
equation 1). There is a 26-day lag between the fastest (Fig. 4, left
panel: B, C, and F) and the slowest (Fig. 4, left panel: D)
epidemic. This is despite the fact that the reproduction curves
have the same values for the mean latent period p = 6 days and
the mean infectious period T = 10 days. Obviously, the values of
these two reproductive time scales are not good predictors of the
time course of the resulting epidemic.

Maintaining the shapes of the triangular reproduction curves
shown in Figure 2 (left panel) but adjusting their mean, y,,,, and
variance, 62,,,, to be equal to the result for Vanderplank’s SP (i.e.,
usp = p + i/2 = 11 days and o> = i%/12 = 8.33 days?) results in the
normalized reproduction curves shown in Figure 2 (right panel).
The disease progress curves calculated using equation 6 using the

reproduction curves shown in Figure 2 (right panel) are plotted in
Figure 4 (right panel). The parameters used in these calculations
were Iy = 1, Hy = 1,000, and R = 0.3 day™! (equation 1). Ob-
viously, the temporal moments of the reproduction curve are
much more important than the latent and infectious periods in
determining the time course of the epidemic. It is worth noting
that all the epidemics in Figure 4 approach the same asymptotic
value. This is due to the fact that every sporulation curve in
Figure 2 potentially produces the same exact number of offspring
(20,26).

DISCUSSION AND CONCLUSIONS

I have shown that the use of an average latent period and an
average infectious period in the description of fungal reproduction
leads to inconsistencies in both interpretation and effect. The root
of the problem lies in the meaning of the term “average.” When
the mean is taken over mother lesions, the average value is
equally weighted over the population of initial infections. How-
ever, in an epidemic, the contribution of each cohort must be
weighted with the total number of its progeny. Thus, assuming
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Fig. 3. Left: As the number of cohorts increases indefinitely, the reproduction curves in Figure 2 (Fig. 2B to F) approach the above continuous triangular
distributions (B to F). Note: the mean latent period, p = 6 days, and the mean infectious period, T = 10 days, for all of these distributions are identical to the result
for Vanderplank’s square pulse (Fig. 2A). Right: Setting the mean, ,,,, and the variance about the mean, 62,,,, for the various triangular distributions (B to F =
Fig. 2B to F) equal to the result for the square pulse (A = Fig. 2A), one obtains the above reproduction curves. Details of above calculations are in the online

supplemental file.
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that the basic infection rate is constant, lesions that sporulate over
a longer period of time become more important in describing the
resulting epidemic. This leads to an ensemble mean time of repro-
duction and variance about this mean, which are complex in
nature and not very intuitive when expressed in terms of latent
period and infectious period of the mother lesions. In addition,
estimates of these quantities can rarely be obtained by direct
experiment because the reproductive history of individual infec-
tions must be followed separately. In contrast, the well-defined
and easily extracted temporal moments of spore production
curves provide an objective description of the course of progeny
production, which is directly related to the dynamics of the
epidemic (4,11,21,24).
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